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1: Introduction

In this arcticle we use theta functions and simple telescoping of series to produce
some reciprocal summation results for the Fibonacci and Lucas numbers. The
two results that we prove are the following:

Theorem 1

Theorem 2

1F, and 1L, are the Fibonacci and Lucas numbers respectively, satisfying the
usual recurrence 1U,41 = U, +U,_1 where 1 Fy =0, 1F; =1, 1Ly =2 and
1 Ly =1.

2: Proof of Theorem 1



By simple series rearrangement we have
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Replacing 2 ¢ by 2 ¢? in the above then splitting the summation over the odd
and even numbers we obtain
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Now a theorem originally due to Guass gives
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The last equality follows directly from equating the coefficient of 2 x in (2) of

[1].

Also, by simple series rearrangement we have
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which on replacing 2 q by 2 q* gives
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Using (2) and (3) to substitute for the summations in the RHS of (1) gives
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Setting 3 q¢ = (1—-+/5)/2 in (4), and using the Binet form
3 F,=(a"—p")/(a— B) of the Fibonacci numbers ( 3 «a = (1+5)/2,
3 B = (1—+/5)/2) we obtain Theorem 1.

3: Proof of Theorem 2

Our starting point is the identity
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This telescopes to
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and continuing the expansion process we arrive at
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Now we put 3 ¢ = (1 —+/5)/2 in the above identity and use the Binet form of
3 L, =a"™+ 8" of the Lucas numbers ( 3 «, 3 S asin section 2) to obtain
Theorem 2.
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